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1. INTRODUCTION
Erdo s and Szemere di [3] proved that, for any set A of n real numbers
either the set of sums
A+A=[a1+a2 : a1 , a2 # A]
or the set of products
AA=[a1a2 : a1 , a2 # A]
has at least cn: elements, with positive constants c and :>1. They did not
specify the value of :. Nathanson [6] gave the value :=3231, and Elekes
[2] improved it to 54.
Hegyva ri [4] proved, confirming a conjecture of Erdo s, that any set
B=[b1 , ..., bn] of n integers such that bi<bi+1 and bi&bi&1<b i+1&bi
for all i satisfies
|B&B|cn
log n
log log n
.
The third author (unpublished) improved this estimate to cn43, and as a
common generalization of these problems formulated the following conjec-
ture. Let A/R be a finite set, |A|=n, and let f be a strictly convex (or
concave) function, defined on an interval containing A. Write
f (A)=[ f (a) : a # A].
Then we have
max[ |A+A|, | f (A)+ f (A)|]cn:
with constants c>0 and :>1.
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The result of Erdo s and Szemere di would follow by considering
f (x)=log x, and that of Hegyva ri by placing the points (i, bi) on a suitable
convex curve. (Details will be given in Section 3.)
In this note we establish a general result which involves these as special
cases and has further applications, among others to a problem of Erdo s
and Szemere di from [3] about the number of the sums
a1+1a2 , a1 , a2 # A.
(See Corollaries 3.7 and 3.8.) The method is an extension of the one used
by the first author [2].
2. THE MAIN RESULT
Let A/R be a finite set, |A|=n, and let f be a strictly convex or concave
function, defined on an interval containing A. Write
f (A)=[ f (a) : a # A], (2.1)
S=[(a, f (a)) : a # A]/R2. (2.2)
Theorem 1. For every finite set T/R2 we have
|S+T |c min(n |T |, n32 |T |12) (2.3)
with a certain absolute constant 0<c<1.
For the proof we need some preparation.
Definition 2.1. A system 1 of continuous plane curves (homeomorphic
images of an interval) is a pseudo-line system if any two members of 1
share at most one point in common.
Lemma 2.2. Let n and N be positive integers. Let, moreover, P be a set
of N distinct points in the plane and e1 , e2 , ..., em some (also distinct) pseudo
lines. If each of the ei contains n or more points of P, then
Nc min(n32, nm) (2.4)
with a positive absolute constant c.
This is an immediate consequence of a result of Clarkson et al. [1] (see
also [7]), which asserts that the number of incidences, which is in our
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case at least mn, is bounded from above by a constant multiple of
N+m+(Nm)32. For straight lines it was proved by Szemcre di and Trotter
[10]. (See also Pach and Sharir [8] for generalizations.) Recently, a
simple proof was found by Sze kely [9].
Proof of Theorem 1. Let I#A be an interval on which f is defined. We
have
S/J=[(x, f (x)) : x # I].
Our system 1 of pseudo-lines will consist of the translated copies J+t of
this curve. The fact that each two intersect in at most one point is a direct
consequence of convexity (or concavity, resp.). The number of curves is
m=|T |. On these curves we consider the points
(a, f (a))+t, a # A, t # T.
On each curve the number of points is n=|A| , consistent with the nota-
tions in both the theorem and the lemma. The total number of points is
N=|S+T |. We apply (2.4) to get
N=|S+T |c min(n32m12, nm)
as claimed. K
Remark 2.3. For |T |n the bound is cn |T |, and n |T | is obviously an
upper bound, thus we have the exact order of magnitude. The lower bound
can also easily be obtained directly by observing that the |T | sets of the
form S+t, t # T, each have n elements and the intersection of any two has
at most one element.
For n|T |n3 the bound is cn32 |T |12, and in this generality this is
also the best possible. Namely, let A=[1, 2, ..., n] and f (x)=x2. Now con-
sider the set
T=[(i, j) : 1ik, 1 jnk]. (2.5)
We have |T |=nk2, and an easy calculation yields (we assume kn) that
|S+T |<<kn2.
For |T |>n3 the bound becomes worse than |T |. In this range nothing
essentially better than |T | can be claimed. This is shown by the previous
example for k>n.
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3. APPLICATIONS
The most interesting applications arise by substituting direct products
into T. Put T=C_D, and for simplicity assume that |T |=|C| |D|n.
Since S/A_ f (A), we have
S+T/(A+C)_( f (A)+D). (3.1)
Thus from Theorem 1 we obtain the following.
Corollary 3.1. Assume that C, D/R and that |C| |D|n. We have
|A+C| | f (A)+D|cn32( |C| |D| )12. (3.2)
The case C=A, D= f (A) of (3.2) gives the following.
Corollary 3.2. We have
|A+A| | f (A)+ f (A)|cn52. (3.3)
In particular, either A+A or f (A)+ f (A) has at least cn54 elements.
We can use this to improve Hegyva ri’s result mentioned in the Introduc-
tion.
Corollary 3.3. Let B=[b1 , ..., bn] be a set of n real numbers such that
bi<bi+1 and b i&bi&1<b i+1&bi for all i. We have
|B+D|c1n32,
for every set D with |D|=n, in particular
|B+B|c1n32
and
|B&B|c1n32.
Proof. This condition implies that we can find a convex function f such
that f (i)=bi for i=1, ..., n. We apply (3.2) to this function and the sets
A=C=[1, 2, ..., n], where we have f (A)=B. Since |A+A|=2n&1, we
get |B+D|(c2) n32. K
The case C= f (A), D=A of (3.2) gives the following.
Corollary 3.4. For every set A and convex function f we have
|A+ f (A)|cn54. (3.4)
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We introduce the multiplicative analog of our notations
AB=[ab : a # A, b # B].
By considering f (x)=log x, after obvious transformations from
Corollary 3.3 we obtain the following.
Corollary 3.5. Let A, C, D be sets of positive reals. We have
|A+C| |AD|n32( |C| |D| )12. (3.5)
With C=D=A this reduces to the following result from [2].
Corollary 3.6. Let A be a set of n positive real numbers. We have
|A+A| |AA|cn52; (3.6)
in particular, either A+A or AA has at least n54 elements.
By considering f (x)=1x, with the notation
1A=[1a : a # A], (3.7)
Corollaries 3.2 and 3.4 yield the following results.
Corollary 3.7. Let A be a set of n positive real numbers. We have
|A+A| |1A+1A|cn52; (3.8)
in particular, either A+A or 1A+1A has at least n54 elements.
Corollary 3.8. We have always
|A+1A|n54. (3.9)
We conjecture that the exponents in (3.6) and (3.8) should have the
value 3&=. We think that the proper exponent in (3.9) is 2&=. We have
an example of a set where
|A+1A|<<n2&clog log n,
and for every $>0 we have an example where
|A+A|<<n1+$, |AA|<<n2&c($)log log n.
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4. MORE THAN TWO SUMMANDS
We write Sk=S+S+ } } } +S, for a repeated addition of k identical sets.
Theorem 2. Let S, T be as in Theorem 1. We have for every integer
k1
|Sk+T |c$n3(1&2&k) |T |2&k (4.1)
if |T |n, and
|Sk+T |c$n3&2&(k&2) |T |2&k&1 (4.2)
if |T |<n, with a certain absolute constant 0<c$<1.
Proof. This follows by a repeated application of Theorem 1 to the sets
T, S+T, ..., S(k&1)+T. For the constant we obtain the value
c2&21&k, (4.3)
Since the exponent does not exceed 2, we may put c$=c2. K
Remark 4.1. Unlike Theorem 1, Theorem 2 is probably not the best
possible for k2.
By putting T=S into Theorem 2 we obtain the following.
Corollary 4.2. For every integer k1 we have
|Sk|cn3&2&(k&2). (4.4)
Remark 4.3. For the set S=[(i, i2) : 1in] we have
|S3| 
n3
- log n
, |S4|  n3. (4.5)
We conjecture that this example is nearly extremal, that is, we have
|S3|>>n3&=, |S4|>>n3 (4.6)
for every set S. This would also improve Theorem 2 for k3.
Here the second claim follows from Cauchy’s lemma (see e.g. Nathanson
[7, p. 31]). This yields that (x, y) # S4 if x, y are odd, 1xn, and
x24 yx23.
To get the first claim, consider the numbers
a=i+ j+k, b=i 2+ j 2+k2.
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These satisfy
d=12b&4a2=(2i& j&k)2+3( j&k)2.
This shows that d can contain only primes #1 (mod 6) with an odd expo-
nent. The number of admissible values of d up to x is tc(x- log x) and
we obtain the upper estimate by grouping the pairs (a, b) according to the
value of d. Conversely, let d be a number, divisible by 4 and free of primes
#&1 (mod 6). T has a representation in the form s2+3t2, and we must
have s#t (mod 2). For an arbitrary value of k the integers
j=t+k, i=
t+s
2
+k
yield a pair (a, b) with this value of d, and we have
a=i+ j+k=
3t+s
2
+3k.
The last equation shows that different values of k yield different values
of a. Obviously, if we start with d<(n2)2, take nonnegative values of s, t
and 0<k<n2, then i, j, k<n and we find a point in our set S3.
Put T=C_D, and assume that |T |=|C| |D|n. Since S/A_B, we
have
Sk+T/(Ak+C)_( f (A) k+D). (4.7)
Thus from Theorem 2 we obtain the following.
Corollary 4.4. Assume that C, D/R, and |C| |D|n. For every
integer k1 we have
|Ak+C| | f (A) k+D|c$n3(1&2&k)( |C| |D| )2&k. (4.8)
The case C=A, D= f (A) of (4.8) gives the following.
Corollary 4.5. For every integer k2 we have
|Ak| | f (A) k|cn3&21&k. (4.9)
We introduce the multiplicative analog of our notation
Ak=AA } } } A, k factors.
By considering f (x)=log x, from Corollary 4.5 we obtain the following:
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Corollary 4.6. For every integer k2 we have
|Ak| |Ak|cn3&21&k. (4.10)
We conjecture that the exponent should go to infinity here rather than
to 3. However, to obtain such a result we would need to find a more specific
approach, since, as the previous examples indicate, the corresponding result
with general convex function cannot yield exponents exceeding 3.
It would be interesting to find analogous results for different summands.
We can iterate Theorem 1 with different sets, but because of its alternative
nature a branching can occur at each place and the results are complicated
and not satisfactory.
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